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Let 0 be an open subset of Rd (d2). Given x # 0, a Jensen measure for x is a
Borel probability measure +, supported on a compact subset of 0, such that each
subharmonic function u on 0 satisfies
u(x)| u d+. (V)
A function u on 0 (subject to certain measurability conditions, much weaker for
example than upper semicontinuity) is called quasi-subharmonic if it satisfies (V)
for each x # 0 and each Jensen measure + for x. Our first result is that u is quasi-
subharmonic on 0 if and only if its upper semicontinuous regularization u* is sub-
harmonic on 0 and equal to u outside a set of capacity zero. This easily implies,
for example, Cartan’s classical theorem on the supremum of a locally bounded
family of subharmonic functions. Our second result is a converse to Cartan’s
theorem: provided that 0 has a Green’s function, every quasi-subharmonic function
on 0 is the supremum of some family of subharmonic functions. These ideas even-
tually lead to the following duality theorem. If . is a Borel function locally bounded
above on 0, and if 0 has a Green’s function, then for each x # 0,
sup[v(x) : v subharmonic on 0, v.]
=inf {| . d+ : + is a Jensen measure for x= .
We also investigate to what extent these results carry over to plurisubharmonic
functions.  1997 Academic Press
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1. INTRODUCTION AND STATEMENT OF RESULTS
The following definition is classical.
Definition. Let 0 be an open subset of Rd (d2). A function
u : 0  [&, ) is subharmonic if
(a) u is upper semicontinuous, and
(b) for each x # 0, and each closed ball B around x such that B/0,
we have
u(x)
1
m(B) |B u dm, (1)
where m denotes Lebesgue measure on Rd.
There are several variants of (b): we can demand merely that (1) hold on
each sufficiently small ball around x, and we can also average over the
sphere B rather than the ball B. In each case we end up with the same
class of subharmonic functions (note that we include the possibility that
u#&.)
In this paper, we examine more closely the ro^le played by the hypothesis
(a). At first sight, it might seem more natural to ask that subharmonic
functions be continuous, or even C2. However, for many purposes it is
important that the limit of a decreasing sequence (un) of subharmonic func-
tions again be subharmonic, and unfortunately, even if each un is C, in
general the limit is discontinuous. This problem disappears if we work
instead with upper semicontinuous functions, and they provide a very
satisfactory framework in many other respects. But there are times when
upper semicontinuity is neither natural nor appropriate. For instance, what
if the sequence (un) is increasing instead of decreasing? Similar difficulties
arise whenever we take the supremum of an infinite family of subharmonic
functions. A further example will occur in the duality theorem to be
described at the end of this section.
It is therefore of interest to see what happens if we relax the hypothesis (a).
We cannot dispense with it entirely, for it is needed to make sense of (b):
indeed, upper semicontinuity ensures that u is measurable, and also that
u is bounded above on compact sets, so that the integral in (1) is well-
defined. It thus seems logical to retain these two consequences, and thus to
consider the class of u which are Lebesgue-measurable and locally bounded
above on 0, and which satisfy the submean property (b). The following
result, essentially due to Szpilrajn [11, The ore me 1], shows that such
functions are not very far from being subharmonic.
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Szpilrajn’s Theorem. Let 0 be an open subset of Rd (d2). Let
u : 0  [&, ) be a Lebesgue-measurable function which is locally
bounded above, and let u* be its upper semicontinuous regularization. Then
the following statements are equivalent:
(i) for each x # 0, and each closed ball B around x such that B/0,
u(x)
1
m(B) |B u dm;
(ii) u* is subharmonic on 0, and u*=u outside a set of Lebesgue
measure zero.
We recall that, given a function v on 0 which is locally bounded above,
its upper semicontinuous regularization is the function v* on 0 defined by
v*(x)=inf
N
(sup
y # N
v( y)),
the infimum being taken over all neighborhoods N of x in 0. It is easily
checked that v* is upper semicontinuous and that v*v. Furthermore, v*
is the smallest function with these two properties. There exist functions v
for which v*>v everywhere; the main thrust of Szpilrajn’s theorem is that
this is very far from the case for the particular u under consideration.
This theorem would seem to be the end of the story. However, (1) is not
the only integral inequality satisfied by subharmonic functions. For
example, as we have already mentioned, under the same assumptions on x
and B we also have
u(x)|
B
u d_,
where _ denotes surface measure on B, normalized so that _(B)=1. In
fact subharmonic functions obey many such inequalities, and it is natural
to ask what happens if they are all incorporated into Szpilrajn’s Theorem.
To make this precise, we need a definition.
Definition. Let 0 be an open subset of Rd (d2) and let x # 0. A Jensen
measure for x (with respect to 0) is a Borel probability measure +, sup-
ported on a compact subset of 0, such that every subharmonic function u
on 0 satisfies
u(x)| u d+. (2)
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For example, if B is a closed ball around x such that B/0, then nor-
malized Lebesgue measure on B is a Jensen measure for x, as is normalized
surface measure on B. Note also that the unit point mass at x is always
a Jensen measure for x.
We can now state our first result, which is a companion to Szpilrajn’s
Theorem.
Theorem 1.1. Let 0 be an open subset of Rd (d2). Let u : 0 
[&, ) be a function which is locally bounded above on 0 and let u*
be its upper semicontinuous regularization. Suppose further that for each
t # R the set [x # 0 : u(x)<t] is analytic. Then the following statements are
equivalent:
(i) for each x # 0, and each Jensen measure + for x,
u(x)| u d+;
(ii) u* is subharmonic on 0, and u*=u outside a set of outer capacity
zero.
This theorem, which will be proved in Section 3, calls for some expla-
natory comments.
First, the outer capacity is defined with respect to the standard Newtonian
kernel &|x| 2&d if d3, and with respect to the logarithmic kernel log |x|
if d=2 (see for example [8, Section 5.1]). Thus the exceptional set in (ii)
is what is commonly called a polar set.
Also, the measurability condition on u, expressed in terms of analytic
sets, is somewhat unusual. It would perhaps be more natural to demand
that u be Borel-measurable, but it turns out that the theorem works in
slightly greater generality, and that this added generality is important for
some applications. To help explain this, there follows a brief summary of
the facts that we shall use about analytic sets; details can be found in
[1, Section 3].
A topological space is Polish if it is homeomorphic to a complete
separable metric space, and it is analytic if it is the continuous image of a
Polish space. If X is a Polish space, then every Borel subset of X is analytic.
(Thus every Borel function u on 0 satisfies the measurability condition of
Theorem 1.1.) Also, although analytic subsets of X are not necessarily
Borel, they are absolutely measurable, in the sense that they are
+-measurable for every finite Borel measure + on X. (Hence if u satisfies the
hypotheses of Theorem 1.1 then  u d+ makes sense for every Jensen
measure + on 0.) Like Borel sets, analytic subsets of X are stable under
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countable unions and countable intersections. Thus, for example, the con-
dition that [x : u(x)<t] be analytic for all t remains unchanged if we
replace the inequality u(x)<t by u(x)t. On the other hand, the comple-
ment of an analytic set is not in general analytic, so using u(x)>t would
give rise to a different class of functions. Finally, analytic sets have the
important extra property, not shared by Borel sets, that the continuous
image of an analytic set is again analytic. It is because we shall need this
property later that we have chosen to use analytic rather than Borel sets
in the theorem above.
Motivated by Theorem 1.1, we make the following definition.
Definition. Let 0 be an open subset of Rd (d2). A function
u : 0  [&, ) is quasi-subharmonic if
(a) u is locally bounded above, and for each t # R the set [x # 0:
u(x)<t] is analytic,
(b) for each x # 0 and each Jensen measure + for x, we have
u(x) u d+.
Comparing this with the original definition of subharmonic function, the
hypothesis (a) has been weakened, while (b) has been strengthened. There
are times when this is advantageous. For example, it leads to a very easy
proof of the following well-known result of Cartan [2, The ore me 7].
Corollary 1.2. Let (u:) be a family of subharmonic functions on 0
which is locally uniformly bounded above, and let u=sup: u: . Then u* is
subharmonic on 0, and u*=u outside a set of outer capacity zero.
Proof. By Choquet’s topological lemma (see e.g. [9, Lemma 2.3.4]), we
can reduce to the case where the family (u:) is countable. It is then
evident that u is Borel-measurable and locally bounded above. Also, given
x # 0 and a Jensen measure + for x,
u(x)=sup
:
u:(x)sup
:
| u: d+| u d+,
which shows that u is quasi-subharmonic. The result now follows from
Theorem 1.1. K
The next result, which is also classical, could be deduced from Cartan’s
theorem. However, its proof becomes even simpler if we use Theorem 1.1.
Corollary 1.3. Let (un) be a sequence of subharmonic functions on 0
which is locally uniformly bounded above, and let u=lim supn   un . Then
u* is subharmonic on 0, and u*=u outside a set of outer capacity zero.
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Proof. Again, let x # 0 and let + be a Jensen measure for x. Then
u(x)=lim sup
n  
un(x)lim sup
n   | un d+| u d+,
where now the final inequality uses Fatou’s lemma. Therefore u is quasi-
subharmonic, and the result again follows by applying Theorem 1.1. K
As a further consequence of Theorem 1.1, we deduce that quasi-sub-
harmonicity is a local property, something which is not altogether obvious
from the definition.
Corollary 1.4. Let (0:) be a open covering of 0. Then a function u on
0 is quasi-subharmonic if and only if u | 0: is quasi-subharmonic for each :.
Proof. Theorem 1.1 characterizes quasi-subharmonicity purely in terms
of local properties. K
On open sets which possess a Green’s function, there is another charac-
terization of quasi-subharmonic functions.
Theorem 1.5. Let 0 be an open subset of Rd (d2) which possesses a
Green’s function. Let u : 0  [&, ) be a function which locally bounded
above. Suppose further that for each t # R the set [x # 0 : u(x)<t] is
analytic. Then the following statements are equivalent:
(i) u is quasi-subharmonic;
(ii) u=sup[v : v subharmonic on 0, vu].
The hypothesis that 0 possess a Green’s function is not very restrictive
since every open subset of Rd (d3) has one, and the only open sets in R2
without one are those whose complement is of capacity zero (see e.g. [8,
Section 5.7.2]). However, the hypothesis is necessary, as will be explained
after the proof of the theorem in Section 4.
In retrospect, it is now clear that Theorem 1.1 is actually ‘equivalent’ to
Cartan’s theorem (Corollary 1.2). However, at least in our approach, we
need Theorem 1.5 to see this, whose proof in turn depends on Theorem 1.1!
In any case, the point of these theorems is that they relate other properties
of u to quasi-subharmonicity, and that the latter may well be easier to
check in practice. Our next result is a case in point.
Theorem 1.6. Let 0 be an open subset of Rd (d2). Let . : 0 
[&, ) be a Borel-measurable function which is locally bounded above.
For x # 0 define
u(x)=inf {| . d+ : + is a Jensen measure for x= .
425SUBHARMONICITY WITHOUT SEMICONTINUITY
File: 580J 307007 . By:DS . Date:16:07:07 . Time:05:09 LOP8M. V8.0. Page 01:01
Codes: 2559 Signs: 1671 . Length: 45 pic 0 pts, 190 mm
Then u is a quasi-subharmonic function on 0. In fact, u is the greatest quasi-
subharmonic function satisfying u..
Notice that it is not even clear whether u is measurable. In fact we do
not know whether u has to be Borel, but as part of the proof, to be given
in Section 5, we are able to show that [x : u(x)<t] is analytic for all t # R,
whence the reason for adopting this condition.
As an application of Theorems 1.5 and 1.6, we deduce the following
duality theorem for the re duite of a Borel function ..
Corollary 1.7. Let 0 be an open subset of Rd (d2) which possesses
a Green's function. Let . : 0  [&, ) be a Borel-measurable function
which is locally bounded above. Then, for each x # 0,
sup[v(x) : v subharmonic on 0, v.]
=inf {| . d+ : + is a Jensen measure for x= .
Proof. Let us call the left-hand and right-hand sides uL(x) and uR(x)
respectively. There is a simple inequality between them. Indeed, let v be
subharmonic on 0 with v., and let + be a Jensen measure for x. Then
v(x)| v d+| . d+.
As this holds for all such v, +, we deduce that uL(x)uR(x).
To show that in fact equality holds, note first that uR. on 0, since for
each y # 0 the unit mass at y is a Jensen measure for y. Also, by Theorem
1.6, uR is a quasi-subharmonic function on 0. Hence, using Theorem 1.5,
we obtain
uR(x)=sup[v(x) : v subharmonic on 0, vuR]
sup[v(x) : v subharmonic on 0, v.]
=uL(x).
Thus uL(x)=uR (x), and the proof is complete. K
As a further application of Theorems 1.1 and 1.6, we can tie together the
notions of ‘set of capacity zero’ and ‘null set for Jensen measures’.
Corollary 1.8. Let 0 be a connected open subset of Rd, and let E be
a Borel subset of 0. Then the following statements are equivalent:
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(i) the set E has outer capacity zero;
(ii) for each x # 0 and each Jensen measure + for x, we have
+(E"[x])=0;
(iii) there exists x0 # 0 such that, for each Jensen measure + for x0 ,
we have +(E"[x0])=0.
Proof. (i) O (ii): Assume that E has outer capacity zero. Let x # 0 and
let + be a Jensen measure for x. Set u=&1E "[x] . Since E necessarily has
empty interior, we have u*#0, and hence u*=u outside a set of outer
capacity zero. Applying Theorem 1.1, we see that
0=u(x)| u d+=&+(E"[x]),
whence +(E"[x])=0. (Actually, this argument is a bit of a cheat, because
we are going to re-derive this result on the way to proving Theorem 1.1.)
(ii) O (iii): This implication is obvious.
(iii) O (i): Assume that there exists x0 # 0 such that +(E"[x0])=0 for
every Jensen measure + for x0 . Set .=&1E"[x0] , and for x # 0 define
u(x)=inf {| . d+ : + is a Jensen measure for x= .
By Theorem 1.6, the function u is quasi-subharmonic. Hence by Theorem
1.1, u* is subharmonic. Evidently u0, so also u*0. On the other hand,
our assumption about x0 implies that u(x0)=0, hence also u*(x0)=0. It
follows that u* attains a maximum at x0 , and so by the maximum principle
u*#0 on 0. Now u&1 on E"[x0], so in particular u*(x){u(x) for all
x # E"[x0]. From Theorem 1.1 we know that u*=u outside a set of outer
capacity zero. We therefore conclude that E"[x0] is a set of outer capacity
zero, and hence so too is E. K
This last result is reminiscent of a well-known characterization of sets of
capacity zero as null sets for harmonic measures. Indeed, harmonic
measures are examples of Jensen measures. It thus raises the question as to
what extent the class of Jensen measures can be replaced by the smaller
class of harmonic measures in the other preceding theorems, thereby giving
them perhaps a more geometric flavor. This question will be treated in a
subsequent paper.
We conclude with an outline of the structure of the rest of this paper.
The proof of Theorem 1.1 makes use of an abstract duality theorem of
D. A. Edwards, which is actually a special case of Corollary 1.7, but valid
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in a much more general context. In Section 2 we describe this theorem, and
also prove a measurable form of it, to be used in the proof of Theorem 1.6.
The proofs of Theorems 1.1, 1.5 and 1.6 are then carried out in Sections 3,
4 and 5 respectively. Finally, in Section 6, we investigate to what extent
these results carry over to plurisubharmonic functions in Cd.
2. EDWARDS’ THEOREM
For the whole of this section, we fix the following notation. Let M be a
compact metric space, and let R be a family of continuous functions from
M into [&, ) such that:
(a) u, v # R O u+v # R;
(b) u # R, *>0 O *u # R;
(c) R separates points of M and contains the constants.
Given x # M, an R-measure for x is a Borel probability measure + on M
such that
u(x)| u d+ for all u # R.
The following duality theorem, which is an adaptation of ideas from
Choquet theory, is due to Edwards [4] (see also [5, Theorem 1.2]). It
plays a crucial ro^le, for example, in the GamelinSibony theory of subhar-
monicity in uniform algebras [5, 6].
Edwards’ Theorem. Let . : M  (&, ] be a lower semicontinuous
function. Then, for each x # M,
sup[v(x) : v # R, v.]
=inf {| . d+ : + is an R-measure for x=. (3)
As in the proof of Corollary 1.7, it is clear that the left-hand side of (3)
cannot exceed the right. The real thrust of the theorem is that the reverse
inequality holds too. This result is all that is needed for Theorems 1.1 and
1.5: the rest of this section is used solely in the proof of Theorem 1.6.
At first sight, the appearance in Edwards’ theorem of a lower semicon-
tinuous function is perhaps surprising. However, this is another case where,
in general, the result breaks down for upper semicontinuous functions. For
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example, let (un) be a decreasing sequence of elements of R, and set
.=limn   un . Then . is upper semicontinuous, and for each x # M the
right-hand side of (3) is actually equal to .(x). However, the left-hand side,
being the supremum of a family of continuous functions, is necessarily
lower semicontinuous in x. Thus equality cannot hold in (3) unless this .
is actually continuous, which will not be the case in general.
To overcome this problem, it seems natural to allow the supremum in
(3) to be taken over a larger class of functions.
Definition. A function u : M  [&, ) is quasi-R-subharmonic if
(a) u is bounded above, and for each t # R the set [x # M : u(x)<t]
is analytic,
(b) for each x # M and each R-measure + for x, we have u(x) u d+.
Theorem 2.1. Let M and R be as above, and let . : M  [&, ) be
a Borel-measurable function which is bounded above. For x # M, define
u(x)=inf {| . d+ : + is an R-measure for x= .
Then u is a quasi-R-subharmonic function on M.
As a consequence, we obtain the following measurable form of Edwards’
theorem.
Corollary 2.2. Let . : M  [&, ) be a Borel-measurable function
which is bounded above. Then, for each x # M,
sup[v(x) : v quasi-R-subharmonic, v.]
=inf {| . d+ : + is an R-measure for x= .
Proof. This is similar to the proof of Corollary 1.7. K
The rest of the section is devoted to the proof of Theorem 2.1. We shall
use the following lemma.
Lemma 2.3. Let X, Y be compact metric spaces, let ? : Y  X be a
continuous surjection, and let b : Y  R be a bounded Borel function. Define
b : X  R by
b (x)=inf[b( y) : y # Y, ?( y)=x].
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Then:
(i) for each t # R, the set [x # X : b (x)<t] is analytic;
(ii) given =>0, there exists an absolutely measurable function \ : X  Y
such that
?(\(x))=x and b(\(x))<b (x)+= for all x # X.
Proof. (i) Given t # R, set
At=[x # X : b (x)<t] and Bt=[ y # Y : b( y)<t].
Then Bt is a Borel subset of Y, and hence analytic. Also ?(Bt)=At , so At
is analytic.
(ii) Choose real numbers t0<t1< } } } <tn such that tj&tj&1<= for
all j and b(Y)/[t0 , tn). For each j we have ?(Btj)=Atj , and so by [1,
Theorem 3.4.3] there exists an absolutely measurable function \j : Atj  Btj
such that ?(\j (x))=x for all x # Atj . Define \ : X  Y by
\(x)=\j (x) if x # Atj "Atj&1 .
Then \ is absolutely measurable, because analytic subsets of X are
absolutely measurable. Also it is clear that ?(\(x))=x for all x # X. Finally,
given x # X, then x # Atj "Atj&1 for some j, so \(x) # Btj and
b(\(x))<tj<tj&1+=b (x)+=.
This completes the proof of the lemma. K
Proof of Theorem 2.1. It suffices to prove the theorem in the case when
. is bounded. The result for general . can then be deduced by considering
max(., &n) and letting n  .
We begin by recalling that the space P(M) of Borel probability
measures on M becomes a compact metrizable space when endowed with
the usual weak*-topology. Hence, if we set
X=M,
Y=[(x, +) # M_P(M) : + is an R-measure for x],
?(x, +)=x,
b.(x, +)=| . d+,
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then X, Y are compact metric spaces, ? : Y  X is a continuous surjection,
and b. : Y  R is a bounded Borel function. Notice also that, in the
notation of Lemma 2.3,
b .(x)=inf[b.(x, +) : ?(x, +)=x]
=inf {| . d+ : + is an R-measure for x==u(x).
Thus by part (i) of that lemma, the set [x # M : u(x)<t] is analytic for
each t # R.
It remains to show that, given x0 # M and an R-measure +0 for x0 , we
have
u(x0)| u d+0 .
Fix such an x0 and +0 . By part (ii) of Lemma 2.3, given =>0, there exists
an absolutely measurable function \ : M  Y such that
?(\(x))=x and b. (\(x))<b .(x)+= for all x # M.
We claim that there exists a Borel probability measure & on M such that,
for each Borel function  : M  [&, ) bounded above on M,
|  d&=| (b b \) d+0 , (4)
where b : Y  [&, ) is defined by
b(x, +)=|  d+ ((x, +) # Y).
Indeed, we can define &(E) by taking =1E in (4), and standard considera-
tions then show that (4) must hold in general. Now, if v # R, then
bv(x, +)=| v d+v(x) for all (x, +) # Y,
and so bv b \v on M. Hence, using (4),
| v d&=| (bv b \) d+0| v d+0v(x0).
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It follows that & is itself an R-measure for x0 . Therefore, from the definition
of u,
u(x0)| . d&=| (b. b \) d+0| (b .+=) d+0=| u d+0+=.
As = is arbitrary, we conclude that u(x0) u d+0 , as desired. K
3. PROOF OF THEOREM 1.1
We now return to the context of subharmonicity on open subsets of Rd.
The link with the previous section is provided by the following lemma,
which relates R-measures and Jensen measures.
Lemma 3.1. Let 0 be an open subset of Rd (d2). Let M be a compact
subset of 0 such that each bounded component of Rd"M meets Rd"0.
Finally, let R be the family of restrictions to M of all continuous subhar-
monic functions on 0. Then, given x # M, the R-measures for x are precisely
the Jensen measures for x which are supported on M.
Proof. Let x # M, and let + be a Jensen measure for x supported on M.
Given v # R, we can extend v to be subharmonic on the whole of 0, and
so v(x)  v d+. Hence + is an R-measure for x.
Conversely, let x # M, and let + be an R-measure for x. By definition,
+ is supported on M. Let u be a subharmonic function on 0. By [8,
Theorem 3.8], there exists a sequence of continuous (even C) subhar-
monic functions (un), defined on a neighborhood of M, such that un a u
on M. Moreover, since each bounded component of Rd "M meets Rd "0,
we can apply [7, Theorem 6.1] to find continuous subharmonic functions
(vn), defined on the whole of 0, such that vn=un on M. Therefore
un |M # R, and, as + is an R-measure for x, it follows that un(x) un d+.
Letting n   and applying the monotone convergence theorem, we
deduce that u(x) u d+. Hence + is a Jensen measure for x. K
We are now ready to embark upon the proof of Theorem 1.1.
Proof of (ii) O (i). Assume that u is locally bounded above on 0, that
[x # 0: u(x)<t] is analytic for each t # R, that u* is subharmonic on 0,
and that u*=u outside a set of outer capacity zero. Let x # 0, and let + be
a Jensen measure for x. Then u*(x) u* d+, and we need to show that
u(x) u d+.
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We claim that u*=u +-almost everywhere on 0"[x]. If this is true, then
the desired inequality follows easily. Indeed, we then have
|
0
u d+=|
[x]
u d++|
0"[x]
u* d+
u(x) +([x])+u*(x)(1&+([x]))u(x).
It remains to substantiate the claim. Put E=[ y # 0: u*( y){u( y)], by
hypothesis a set of outer capacity zero. By [8, Theorem 5.11], given a com-
pact subset K of E"[x], there exists a subharmonic function v on 0 (even
on Rd) such that v#& on K and v(x)>&. As + is a Jensen measure
for x, we must have  v d+v(x)>&, and hence, in particular, +(K)=0.
Since this holds for each such K, it follows that +(E"[x])=0, as claimed.
Proof of (i) O (ii). Assume now that u is quasi-subharmonic on 0. We
need to show that u* is subharmonic, and that u*=u outside a set of outer
capacity zero. The first of these assertions follows immediately from
Szpilrajn’s Theorem, so it is enough to prove the second.
We argue by contradiction. Let E=[ y # 0 : u*( y){u( y)], and suppose,
if possible, that E has positive outer capacity. Then there exist t # R and a
closed ball B in 0 such that the set
A=[ y # int(B) : u( y)t<u*( y)]
has positive outer capacity. Indeed, E can be expressed as a countable
union of such sets, and if each had outer capacity zero then so would E.
Now, since the set [ut] is analytic, it follows that A is an analytic set,
and hence is capacitable (see [8, Theorem 5.31]). Thus A also has positive
inner capacity, which means that it contains a compact subset K of positive
capacity. Writing 1K for the characteristic function of K, we define two
functions pK , qK : B  [&1, 0] by
pK (x)=sup[v(x): v continuous, subharmonic on 0, and v&1K on B],
qK (x)=sup [w(x): w quasi-subharmonic on 0, and w&1K on B].
We shall show that their upper semicontinuous regularizations satisfy:
(:) pK*(x)&1 for at least one x # K;
(;) qK*(x)>&1 for all x # K;
(#) pK*=qK* everywhere on int(B).
This patent contradiction will prove the theorem.
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Proof of (:). Let VK be the (subharmonic) equilibrium potential of K.
By Frostman’s ‘fundamental theorem’ [8, Theorems 5.8 and 5.17], there
exists a constant a # R such that VKa on Rd, and VK=a on K outside
a set of capacity zero. Applying the maximum principle to &VK* which is
harmonic off K, we see that VK>a on B, and so there exists a constant
*>0 such that *(VK&a)1 on B.
Let v be a continuous subharmonic function on 0 such that v&1K
on B. Then v&*(VK&a) is subharmonic on int(B)"K, and for each
x # (int(B)"K) we have
lim sup
y # int(B)"K
y  x
(v&*(VK&a))(y){0&*(VK&a)(x),v(x)&0,
if x # B
if x # K =&1.
By the maximum principle, it follows that
v&*(VK&a)&1 on int(B)"K.
The same inequality also holds on K because v&1 there. Hence
v*(VK&a)&1 on int(B).
Taking the supremum over all such v, and then the upper semicontinuous
regularization, we conclude that
pK**(VK&a)&1 on int(B).
In particular, pK*(x)&1 for all x # K outside a set of capacity zero, and,
as K has positive capacity, there is at least one such x.
Proof of (;). We recall that ut<u* on K. Pick s>max(t, supB u), and
set
w=
u&s
s&t
.
Then w is quasi-subharmonic on 0, and w&1K on B, so qKw on B.
It follows that qK*w* on int(B). Now
w*=
u*&s
s&t
>
t&s
s&t
=&1 on K,
so qK*>&1 on K, as desired.
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Proof of (#). We shall in fact prove the stronger result that pK=qK
on B, using the duality theorem of Edwards described in Section 2. Take
M=B, and R to be the family of restrictions to B of all continuous subhar-
monic functions on 0. By Lemma 3.1, given x # B, the R-measures for x
are precisely the Jensen measures for x which are supported on B. Applying
Edwards’ theorem with .=&1K we deduce that for x # B,
pK (x)=inf {| &1K d+ : + is a Jensen measure for x, +(B)=1=
Now let w be a quasi-subharmonic function on 0 with w&1K on B.
Then, for each x # B and each Jensen measure + for x which is supported
on B, we have
w(x)| w d+| &1K d+.
Taking the infimum over all such +, we deduce that w pK on B. Taking
the supremum over all such w, we conclude that qK pK on B. As the
reverse inequality is obvious, the proof is complete. K
4. PROOF OF THEOREM 1.5
In the course of this proof, we shall need to construct subharmonic func-
tions which are & on certain sets of capacity zero, and which, in addi-
tion, are negative everywhere. It is to achieve this latter property that we
make use of the Green’s function. The following lemma is well known, but
we include a proof for convenience.
Lemma 4.1. Let 0 be an open subset of Rd (d2) which possesses a
Green's function. Let E be a subset of 0 of outer capacity zero. Then, given
x0 # 0 and *>0, there exists a subharmonic function v on 0 such that:
(1) v<0 on 0;
(2) v#& on E"[x0];
(3) v(x0)=&*.
Proof. By [8, Theorem 5.32], there exists a subharmonic function u
on Rd, with u&, such that u#& on E. Let & be the Riesz mass
of u. For each n1, set
Kn=[ y # 0 : dist( y, 0)1n, | y|n, | y&x0 |1n],
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and define vn on 0 by
vn(x)=&|
Kn
g(x, y) d&( y)&1,
where g denotes the Green’s function of 0. The vn is subharmonic on 0
and vn<0 there. Also, since vn and u have identical Riesz masses on
int(Kn), they differ there by a harmonic function, so in particular vn=&
on E & int(Kn). Lastly, as vn is harmonic on 0"Kn , we certainly have
vn(x0)>&. Hence if we put
v= :

n=1 \
*
2n |vn(x0)|+ vn ,
then v satisfies all the conclusions of the lemma. K
We can now prove Theorem 1.5.
Proof of (ii) O (i). Assume that u is locally bounded above on 0, that
[x # 0 : u(x)<t] is analytic for each t # R, and that
u=sup [v : v subharmonic on 0, vu].
Let x # 0, and let + be a Jensen measure for x. If v is a subharmonic func-
tion on 0 such that vu, then v(x) v d+ u d+. Taking the supremum
over all such v, we get u(x) u d+. This shows that u is quasi-subhar-
monic on 0.
Proof of (i) O (ii). Assume now that u is quasi-subharmonic on 0. By
Theorem 1.1, we can write u=u*+w, where w is a function such that
&w0 on 0, and w=0 outside a set E of outer capacity zero. By
Lemma 4.1, for each y # 0 and each =>0, there exists a subharmonic func-
tion vy, = on 0 such that:
(1) vy, =<0 on 0;
(2) vy, = #& on E"[ y];
(3) vy, =( y)=w( y)&=;
(if w( y)=&, we simply take vy, = #&). Now if x # E, then
vy, =(x)=& for all y{x, and so
sup
y # 0, =>0
vy, =(x)=sup
=>0
vx, =(x)=sup
=>0
(w(x)&=)=w(x).
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On the other hand, if x # 0"E, then w(x)=0 and the above equation is
obvious. Therefore
sup
y # 0, =>0
vy, = w,
and hence
sup
y # 0, =>0
(u*+vy, =)=u*+w=u.
This expresses u as the supremum of a family of subharmonic functions
on 0, so
usup[v : v subharmonic on 0, vu].
As the reverse inequality is obvious, the proof is complete. K
We conclude this section with a simple example to show that the
implication (i) O (ii) of Theorem 1.5 is false for open subsets 0 of R2
without a Green’s function. Let (xn) be a sequence of distinct points in 0,
and define u on 0 by
u(x)={&1+
1
n
, if x=xn for some n,
0, otherwise.
Then u is a quasi-subharmonic function by Theorem 1.1. Now if 0/R2
has no Green’s function, then by [8, Theorem 5.24] its boundary 0 has
capacity zero, and so by [8, Theorem 5.16] every subharmonic function
bounded above on 0 is constant. It follows that
sup[v : v subharmonic on 0, vu]#&1,
which is different from u everywhere on 0.
5. PROOF OF THEOREM 1.6
The same argument as for Corollary 1.7 shows that u., and also that
if v is a quasi-subharmonic function satisfying v. then necessarily vu.
The main thrust of the theorem is that u itself is quasi-subharmonic, which
we now proceed to prove.
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Let (Mn) be a compact exhaustion of 0 such that each bounded compo-
nent of Rd"Mn meets Rd"0. For each n, denote by Rn the family of restric-
tions to Mn of all continuous subharmonic functions on 0. By Lemma 3.1,
given x # Mn , the Rn -measures for x are precisely the Jensen measures
for x which are supported on Mn . Consequently, if we define un : Mn 
[&, ) by
un(x)=inf {| . d+ : + is a Jensen measure for x supported on Mn= ,
then Theorem 2.1 tells us that un is a quasi-Rn -subharmonic function
on Mn . Note also that, as n  , the sequence un decreases pointwise to
u on 0, where, as in the statement of the theorem,
u(x)=inf {| . d+ : + is a Jensen measure for x= .
Now, since each un is quasi-Rn -subharmonic, the set [x # Mn : un(x)<t]
is analytic, and so it follows that [x # 0 : u(x)<t] is analytic too. Also,
each un is bounded above on Mn , so u must be locally bounded above
on 0.
To prove that u is quasi-subharmonic, it remains to show that, given
x # 0 and a Jensen measure + for x, we have
u(x)| u d+.
Now the support of + and the singleton [x] are both compact subsets
of 0, so they are contained in Mn0 for some n0 , and consequently + is an
Rn-measure for x for all nn0 . Since each un is quasi-Rn -subharmonic, this
implies that
un(x)| un d+ for all nn0 .
Letting n   and applying the monotone convergence theorem, we
obtain the desired inequality for u. This completes the proof. K
6. PLURISUBHARMONIC FUNCTIONS
In this final section we investigate to what extent the main results of
Section 1 carry over to plurisubharmonic functions. We recall that a
function u is plurisubharmonic on an open subset 0 of Cd if u is upper
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semicontinuous and if, for each pair a, b # Cd, the map z [ u(a+zb) is sub-
harmonic on [z # C : a+zb # 0]. Also, a subset E of Cd is called pluripolar
if, for each x # E, there exists an open ball 0 around x and a plurisubhar-
monic function u& on 0 such that u#& on 0 & E. For general
information about plurisubharmonic functions and pluripolar sets we refer
to the book of Klimek [9].
Let 0 be an open subset of Cd. By analogy with the subharmonic case,
given x # 0, we say that + is a pluri-Jensen measure for x if + is a Borel
probability measure, supported on a compact subset of 0, such that every
plurisubharmonic function u on 0 satisfies
u(x)| u d+. (5)
Also u : 0  [&, ) is a quasi-plurisubharmonic function if it is locally
bounded above, if [x # 0 : u(x)<t] is analytic for each t # R, and if (5)
holds for each x # 0 and each pluri-Jensen measure + for x.
The following result is the plurisubharmonic analogue of Theorem 1.1.
Theorem 6.1. Let 0 be an open subset of Cd, and let u be a quasi-
plurisubharmonic function on 0. Then u* is plurisubharmonic, and u*=u
outside a pluripolar set.
Strictly speaking, this is only the analogue of part of Theorem 1.1,
namely the implication (i) O (ii). The reverse implication (ii) O (i) is
actually false in this setting, as the following example demonstrates. Take
0=C2, and set u=&1E , where E=[(z1 , z2) : z1=0, z2{0]. Then u*#0,
and u*=u off E, which is a pluripolar set. But although every plurisub-
harmonic function v on C2 satisfies
v(0, 0)
1
2? |
2?
0
v(0, ei%) d%,
the function u does not obey the same inequality, and so u is not quasi-
plurisubharmonic.
The proof of Theorem 6.1, which we shall not give in detail, follows the
same route as that of Theorem 1.1, but with two significant differences.
Firstly, the claim (:) is now proved using [9, Theorem 4.7.6] rather than
Frostman’s theorem. And secondly, the ro^le of Lemma 3.1 in the proof of
(#) is taken by the following result. We recall that an open subset 0 of Cd
is pseudoconvex if the function x [ &log dist(x, 0) is plurisubharmonic
on 0.
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Lemma 6.2. Let 0 be a pseudoconvex open subset of Cd, let M be a com-
pact subset of 0, and let R be the family of restrictions to M of continuous
plurisubharmonic functions on 0. Then, given x # M, the R-measures for x
are precisely the pluri-Jensen measures for x which are supported on M.
Proof. Fix x # M. The proof that every pluri-Jensen measure for x sup-
ported on M is an R-measure for x goes just as in Lemma 3.1. Conversely,
suppose that + is an R-measure for x. By definition, + is supported on M.
Let u be a plurisubharmonic function on 0. As 0 is pseudoconvex, there
exists a decreasing sequence (un) of continuous plurisubharmonic functions
on 0 such that un a u there (see e.g. [10, Theorem 38.4]). As each
un | M # R, it follows that un(x) un d+. Letting n   and applying the
monotone convergence theorem, we deduce that u(x) u d+. Hence + is
a pluri-Jensen measure for x. K
We note in passing that this lemma may fail if 0 is not pseudoconvex,
as can be shown, for example, by a simple adaptation of [9, Example
2.9.4]. However, Theorem 6.1 remains valid for an arbitrary open set 0.
Indeed, we can always restrict u to a ball 0$/0, which is pseudoconvex.
The restriction u | 0$ remains quasi-plurisubharmonic, so the conclusion of
the theorem is true on 0$. But as this conclusion is purely local, and 0$ is
an arbitrary ball in 0, the general result follows.
The next result is a partial analogue of Theorem 1.5.
Theorem 6.3. Let 0 be a bounded open subset of Cd, and let u be a
quasi-plursubharmonic function on 0. Then for all x # 0 outside some
pluripolar set,
u(x)=sup[v(x) : v plurisubharmonic on 0, vu].
Proof. By Theorem 6.1, u* is plurisubharmonic on 0, and u*=u on
0"E for some pluripolar set E. By [9, Theorem 4.7.4] there exists a
plurisubharmonic function w& on Cd such that w#& on E. As 0
is bounded, w is bounded above there, and so subtracting a constant if
necessary, we can suppose that w0 on 0. For =>0, set v= u*+=w.
Then each v= is plurisubharmonic on 0 and satisfies v=u. Also, if
w(x)>&, which is true for all x # 0 outside some pluripolar set, then
sup
=>0
v=(x)=u*(x)=u(x).
Hence, for all such x,
u(x)sup[v(x) : v plurisubharmonic on 0, vu],
and as the reverse inequality is obvious, the proof is complete. K
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Next, here is a plurisubharmonic analogue of Theorem 1.6.
Theorem 6.4. Let 0 be a pseudoconvex open subset of Cd. Let
. : 0  [&, ) be a Borel-measurable function which is locally bounded
above. For x # 0 define
u(x)=inf {| . d+ : + is a pluri-Jensen measure for x= .
Then u is a quasi-plurasubharmonic function on 0. In fact, u is the greatest
quasi-plurisubharmonic function satisfying u..
Proof. This is just like the proof of Theorem 1.6, except that now we
use Lemma 6.2 in place of Lemma 3.1. K
Finally, combining Theorems 6.3 and 6.4, we deduce a plurisubharmonic
duality theorem just as we did for the subharmonic case in Corollary 1.7.
Corollary 6.5. Let 0 be a bounded pseudoconvex open subset of Cd.
Let . : 0  [&, ) be a Borel-measurable function which is locally
bounded above. Then, for each x # 0 outside some pluripolar set,
sup[v(x) : v plurisubharmonic on 0, v.]
=inf {| . d+ : + is a pluri-Jensen measure for x= .
We conclude with an example to show that the exceptional pluripolar set
in Corollary 6.5 (and, by implication, that in Theorem 6.3) may be non-
empty. It is a simple adaptation of an example of Cegrell and Poletsky [3].
Let
0=[(z1 , z2) # C2 : |z1 | 2+|z2 | 2<4],
#0={(ei%, 0) # C2 : ?2%
3?
2 = ,
#j ={(ei%, 2& jei%) # C2 : &?2%
?
2=, ( j1)
.k= :
k
j=0
&1#j , .= :

j=0
&1#j ,
uk(z)=sup[v(z) : v plurisubharmonic on 0, v.k],
u(z)=sup[v(z) : v plurisubharmonic on 0, v.].
441SUBHARMONICITY WITHOUT SEMICONTINUITY
File: 580J 307023 . By:DS . Date:16:07:07 . Time:05:09 LOP8M. V8.0. Page 01:01
Codes: 4104 Signs: 1649 . Length: 45 pic 0 pts, 190 mm
The basic result of [3] is that
inf
k
uk(0)>u(0).
This easily yields the example we seek. If + is a pluri-Jensen measure on
0 for 0, then for each k we have uk(0) .k d+. Letting k  , we obtain
infk uk(0) . d+. Hence
inf {| . d+ : + is a pluri-Jensen measure for 0=infk uk(0).
On the other hand, we have
sup[v(0) : v plurisubharmonic 0, v.]=u(0)<inf
k
uk(0).
Thus, in this case at least, the conclusion of Corollary 6.5 does not hold for
every x # 0.
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